Propagation of light in a medium is dictated by equifrequency surfaces (EFSs), which play a similar role as Fermi surfaces for electrons in crystals. Engineering the equifrequency surface of light through structuring a photonic medium enables superior control over light propagation that goes beyond natural materials. In this Letter, we show that a bulk metamaterial with a suitably designed bianisotropy can exhibit line degeneracy in its EFSs that consist of two ellipsoids of opposite helicity states intersecting with each other. Very interestingly, light propagating along the direction of the line degeneracy experiences strong spin-dependent photon deflection, or optical spin Hall effect, which may lead to applications in optical signal processing and spinoptical manipulations. We provide a realistic metamaterial design to show that the required bianisotropy can be readily obtained. DOI: 10.1103/PhysRevLett.115.067402 PACS numbers: 78.20.Ek, 42.50.Tx, 78.20.Fm, 78.67.Pt Engineering equifrequency surfaces (EFSs) by using artificial photonic structures, such as photonic crystals and metamaterials, has generated a plethora of unconventional optical properties [1, 2] . One noted example is the hyperbolic medium with a dielectric tensor consisting of elements of mixed signs; this produces unconfined EFSs that enable exceptional optical properties and applications such as negative refraction and super-resolution imaging [3] [4] [5] [6] . In general, optical media exhibit two sheets of EFSs, corresponding to two distinct polarization states for each propagation direction. In most natural isotropic media, the two polarization states are degenerate, leading to the presence of a single degenerate spherical equifrequency surface. However, introducing anisotropy and chirality can lift the degeneracy, resulting in polarization-dependent wave propagation.
Engineering equifrequency surfaces (EFSs) by using artificial photonic structures, such as photonic crystals and metamaterials, has generated a plethora of unconventional optical properties [1, 2] . One noted example is the hyperbolic medium with a dielectric tensor consisting of elements of mixed signs; this produces unconfined EFSs that enable exceptional optical properties and applications such as negative refraction and super-resolution imaging [3] [4] [5] [6] . In general, optical media exhibit two sheets of EFSs, corresponding to two distinct polarization states for each propagation direction. In most natural isotropic media, the two polarization states are degenerate, leading to the presence of a single degenerate spherical equifrequency surface. However, introducing anisotropy and chirality can lift the degeneracy, resulting in polarization-dependent wave propagation.
In general, the two sheets of EFSs are either completely separated, as in the case of isotropic chiral medium [7] , or they touch at isolated points in the reciprocal space, as in the case of uniaxial and biaxial birefringent crystals [8] . Uniaxial birefringent crystals are the most common anisotropic medium existing in nature; their EFSs show quadratic curvatures and the two polarization states share the same tangential plane at the degeneracy points. On the other hand, the EFSs of biaxial birefringent crystals, with all three dielectric constants along the principal directions being different, exhibit degeneracy points with linear cone-shaped crossing; this gives rise to the interesting phenomenon of cone diffraction that serves as one of the most well-known examples of singular optics [9] [10] [11] .
Metamaterials can be engineered to exhibit highly complex optical responses. Previously investigated properties, including negative index of refraction [12] [13] [14] [15] [16] [17] [18] [19] , hyperbolic metamaterials [20] [21] [22] [23] , and strong chirality [24] [25] [26] [27] [28] [29] [30] [31] [32] , constitute just a small subset of the unconventional optical properties that can be achieved with metamaterials. As electromagnetic waves are vector fields, the electromagnetic parameters (permittivity, permeability, and coupling between electric and magnetic responses) of complex effective medium can be expressed by three tensors, offering a huge parameter space for controlling electromagnetic wave propagation. In this Letter, we show that with judicious engineering of the electromagnetic parameters, a novel type of metamaterials can be designed to exhibit line degeneracy between the two equifrequency ellipsoids of opposite optical spin states. For light propagating along any point in the line degeneracy, photons of different helicities are split into different directions, in analog to the spin Hall effect in electronic systems. This strong spin-orbit coupling of light can be used to design spin sorting devices with extremely high efficiency.
Within the effective medium theory, the most general form of the constitutive equations taking into account the coupling between the electric and magnetic responses is given bỹ
We consider that the metamaterial proposed here has the following tensors of permittivity, permeability, and bianisotropy:
As shown by Eq. (2), there exists coupling between the electric and magnetic responses along orthogonal directions, as indicated by the presence of nonzero off-diagonal elements in the coupling matrix. An additional feature of the proposed metamaterial for achieving line degeneracy is that the permittivity and permeability tensor elements are in proportion to each other. Although the coupling matrix appears different from that of chiral metamaterials, with nonzero diagonal elements to couple the electric and magnetic fields along the same direction, it will be shown later that due to the symmetry between ξ xy and ξ yx , the coupling matrix can be transformed into a chiral matrix consisting of only nonzero diagonal elements through a coordinate rotation.
The EFSs and the associated eigenstates of the metamaterial with above parameter tensors can be obtained by substituting the constitutive equations into Maxwell's equations. To simplify the analysis, we assume that the permittivity of the material is uniaxial and takes the form ε xx ¼ ε yy ¼ ε ⊥ and ε zz ¼ ε ∥ . The dispersion relation can be expressed as
The EFSs for a specific set of parameters ε ↔ ¼ Diagf3; 3; 2g, η 2 ¼ 0.8, and γ ¼ 1.5 are plotted in Fig. 1 , which exhibit two EFSs of ellipsoid shape. The two ellipsoids intersect with each other, forming two degeneracy lines of circular shape in the k space. These degeneracy lines exhibit optical phenomena very different from the degenerate points of conventional uniaxial and biaxial birefringent crystals. For example, in the EFSs of biaxial birefringent crystals [9] [10] [11] each degeneracy point forms a double cone. When a narrow beam is incident along the degeneracy point it will spread into a hollow cone within the crystal. On the other hand, for the bianisotropic medium studied here, due to the different directions of the group velocities of the two EFSs at the degeneracy line, a beam incident along any point on the degeneracy lines is expected to split into two separate beams of different polarization states propagating along the surface normal directions of the respective EFSs. Detailed numerical analyses show that the polarization states on the two ellipsoids are, respectively, left-and right-elliptically polarized. In Fig. 1 , the colors on the EFSs represent the helicity, i.e., the Stokes parameter s 3 , defined by the electric displacement vector of the eigenstates, with s 3 ¼ 1 and −1 denoting left-handed and right-handed circular polarization, respectively. Thus it is seen that the two states are close to circular polarization at the degeneracy lines.
The elliptically polarized eigenstates of the metamaterial can be understood by diagonalizing the coupling matrix ξ through a coordinate rotation of 45°in the xy plane, which is given by
Equation (4) shows that, in the new coordinate ðk 0 x ; k 0 y ; k z Þ as shown in Fig. 1(c) , the coupling matrix contains nonzero diagonal elements with opposite signs, indicating that the waves propagating along the x 0 and y 0 directions exhibit opposite optical activities; this is consistent with the plot of EFSs in Fig. 1 . It has been shown previously that the coupling matrix in the form of Eq. (4) can be realized with various complex 3D structures [33] . The dispersion relations of the two eigenmodes in the rotated coordinate take the simpler forms of
Equation (5) verifies that the EFSs of the two eigenstates are ellipsoids of the same shape, but different orientations. Equation (5) also gives explicitly the lengths of the three axes of the EFS ellipsoids, which are in general different from each other.
The bianisotropic response discussed above can be implemented by a bulk metamaterial with a unit cell consisting of two intersecting split-ring resonators (SRRs) of identical geometries lying in the xz and yz plane, respectively, which are schematically illustrated in Fig. 2(a) . Each SRR is equivalent to a LC circuit, with the gap and the loop functioning as a capacitor and an inductor, respectively. The LC resonant mode simultaneously supports an electric dipole along the gap and a magnetic dipole perpendicular to the loop. For instance, the E x component can induce a magnetic dipole along the y axis [as marked in Fig. 2(a) ], while the H y component can induce an electric dipole along the x axis. Therefore, we can achieve a bianisotropic response that couples the electric and magnetic responses along orthogonal directions [34] . In other words, each SRR corresponds to one of the off-diagonal elements in the coupling matrix ξ, with the orientation of each SRR controlling the sign of the corresponding matrix element. It is shown in Fig. 2(a) that the gaps of the two SRRs are oriented in opposite directions, with one SRR facing up (the þz direction) and other one facing down (the −z direction). This arrangement ensures that the two off-diagonal elements ξ xy and ξ yx in the coupling matrix have the same sign, since a simple rotation of a SRR by 90°in the xy plane without inverting its gap orientation transforms ξ xy to −ξ yx , or transforms ξ yx to −ξ xy .
The mechanism of the direction-dependent handedness in the proposed metamaterial can be unveiled by analyzing the electromagnetic responses of the two SRRs. As shown by Fig. 2(b) , for a beam propagating along the k 0 x direction with TM polarization (the electric field is in the xy plane), the electric current in each SRR excited by the electric field produces a magnetic dipole moment that is perpendicular to the SRR (dashed green arrows). The overall magnetic dipole moment (the solid green arrow), being the sum of dipole moments from both SRRs, is along the same direction as that of the incident electric field. The collinearity of the electric field and the generated magnetic dipole moment indicates the presence of handedness, i.e., optical activities. On the other hand, for a beam propagating along the k 0 y direction with TM polarization, the induced overall magnetic dipole moment is opposite to the direction of the electric field, leading to an inversion of the handedness relative to the propagation along the k 0 x direction. Therefore, the metamaterial behaves as an effective medium with k-dependent handedness [33] , in which the sign of the optical activity can be flipped for light propagating along two orthogonal directions. It should be noted that twisted SRRs have been used to generate a bianisotropic electromagnetic response previously [35, 36] . However, the magnetic dipole moments of the two SRRs in those works are along the same direction, and, therefore, they do not generate the direction-dependent handedness as presented here.
The EFSs of the metamaterial with geometry specified in Fig. 2(a) are obtained by using the eigenmode solver of the commercial software CST MICROWAVE STUDIO™ (Supplemental Material [37] ). The effective parameters of the metamaterial are subsequently retrieved from the numerically obtained EFSs (details of retrieval are given in the Supplemental Material [37] ). The retrieval results are ε ↔ ¼ Diagf2.22; 2.22; 1.9g, μ ↔ ¼ Diagf1.17; 1.17; 1g, and γ ¼ 0.37 at 6.1 GHz, which fulfill the requirements of proportionality between the permittivity and permeability tensors for the existence of the degeneracy line. Note that the operation frequency is far from the resonance frequency to avoid strong dispersion and loss of the effective electromagnetic parameters. The EFSs are calculated and their cross sections at k z ¼ 0 are shown in Fig. 2(d) , which confirm that the two EFSs are degenerate along the k x and k y directions. Though the two eigenpolarization states share the same wave vector at the degeneracy line, they exhibit helicity-dependent group velocities because of the linear crossing. Full-wave simulations by using these extracted effective parameters verify the spin-dependent beam deflection for beam incidence along the degeneracy point.
As the eigenstates of the electric field on the two ellipses are left-and right-elliptically polarized, it is expected that the excitation of each mode is dependent on the helicity of the incident beam. As shown in Fig. 3(a) , when the incident beam is linearly polarized, both photonic modes on the two EFSs are equally excited, and they propagate in the direction along the normal of their respective EFSs. The deflection angle can be determined by the normal direction of the two ellipses at the crossing point. For the electromagnetic wave incident along the x direction, the deflected angle of the propagating mode can be calculated as φ ¼ arctanðγ=ηε xx Þ, which is 12.94°for the parameters of the metamaterial investigated here. In the simulation, when the incident beam is circularly polarized, it is primarily refracted into a single direction, as shown in Fig. 3(b) . Reversing the circular polarization of the incident beam leads to the flipping of the propagation direction to the other side of the surface normal [ Fig. 3(c) ].
Next we derive the transmission coefficients for different polarizations of the incident light (see Supplemental Material [37] for details). When the incident wave is right-circularly polarized, the excitation relative ratio of the left-and right-polarized modes is given by
By using the retrieved effective parameters of the metamaterial at 6.1 GHz, we obtain a very small ratio between the cross and the cocircular polarization transmission δ ≈ 0.004, indicating that a circularly polarized incident light only couples to the propagating mode of the same helicity. This is consistent with the simulated field shown in Fig. 3 .
In the preceding analysis we have chosen a frequency where the permittivity and permeability tensors are proportional to each other for achieving the degeneracy lines. However, the proportionality can only be obtained at a particular frequency. Away from this frequency, proportionality is in general not satisfied, because permittivity and permeability have different dispersion relations. For instance, at a frequency of 6.8 GHz the retrieval effective parameters of the same metamaterial are ε ↔ ¼ Diagf2.663;
2.663; 2.186g, μ ↔ ¼ Diagf1.19; 1.19; 1g, and γ ¼ 0.559.
The permittivity and permeability slightly deviate from the proportionality condition, with ε xxðyyÞ =μ xxðyyÞ ¼ 2.238 and ε zz =μ zz ¼ 2.186. The EFSs at this frequency are calculated and shown in Fig. 4(a) . It is observed that the degeneracy is broken, and a small gap appears with a width given by
The lift of degeneracy converts the linear crossing of the two EFCs into two separated quadratic curves, and, consequently, the beam diverges inside the metamaterial due to the broad range of group velocities, as illustrated by Figs. 4(a) and 4(b) . Interestingly, interference fringes are observed in the field pattern, as shown in Figs. 4(c)-4(e) . The fringes are due to the beating of the different wave vectors with the same group velocity and helicity, corresponding to the curve sections with the same color as shown in Fig. 4(b) . Despite the lift of degeneracy, the helicity-selective routing of light still persists, because the circularly polarized incident light is primarily refracted into one side of the surface normal, and can be switched to the other side by reversing the helicity of the incident beam. These results are shown in Figs within a single beam. This new phenomenon has not been observed previously in homogenous effective media.
The fringe patterns can be eliminated by setting the incident Gaussian beam to an oblique angle of 20°, as shown in Fig. 4(f) . Because of the oblique incidence, light is coupled primarily to the propagation modes on one side of the surface normal; therefore, the interference between the wave components with the same group velocity and helicity but residing on different quadratic equifrequency curves is minimized. It is observed that the propagation of beam inside the metamaterial is almost identical to the case with line degeneracy [Figs. 3(b)-3(c)]; i.e., the propagation direction of the beam can be almost completely switched to the other side by reversing the helicity of the incident beam, as shown in Figs. 4(g) and 4(h) .
In conclusion, we have proposed and theoretically investigated a new type of metamaterials that exhibit line degeneracy in their EFSs, accompanied by a strong spinorbit coupling of light. Although we have demonstrated the metamaterials at the GHz regime, we would like to point out that the structure can in principle be extended to infrared frequencies, where strong magnetic response and bianisotropy have been realized previously using the SRR design [38, 39] . Because of the scaling effect, further extension to visible range leads to very weak magnetic responses. However, it is envisaged that dielectric material with large permittivity could be a possible candidate for realizing a strong bianisotropy effect at visible and near-infrared frequencies. Our research findings may provide a route for various applications involving the spin degree of freedom of light, such as quantum information processing and chemical sensing. 
